Abstract: This paper develops two cost decompositions based on the multiplicative and additive Russell efficiency measurement framework. While the multiplicative cost decomposition is a straightforward extension of the standard cost decomposition, the decomposition we develop in this paper incorporates slacks directly so that efficiency is measured relative to the efficient subset. To show the applicability of our novel approach, we provide an illustration using a data set given in the literature.
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Introduction
The measurement of input technical efficiency relative to the efficient subset of an input set goes back to Färe (1975) who proposed minimizing inputs one at a time, i.e., nonradially. Later, Färe and Lovell (1978) proposed the Russell measure which was also nonradial but summed over the individual input components. These measures eliminated all technical inefficiencies including those due to 'slacks' as opposed to the radial Farrell (1957) measure of input technical efficiency which uses the isoquant rather than the efficient subset as the reference for technical efficiency. Thus, when the efficient subset differs from the isoquant, radial measures of technical efficiency such as the Farrell measure and nonradial measures may differ. Furthermore this may affect not only technical efficiency but allocative efficiency as well, resulting in different decompositions of overall cost efficiency. This discrepancy is the motivation for considering nonradial measures as part of a decomposition of the overall Farrell measure of cost efficiency. The first such result was obtained by Färe, Grosskopf and Zelenyuk (2007) . Their decomposition comes by introducing a multiplicative version of the Russell measure; and here we expand on their result.
The introduction of the directional distance functions 1 , by Chambers, Chung and Färe (1998) , is an alternative nonradial (additive) way of estimating technical efficiency. In fact, the directional input distance function may be turned into a slack-based additive efficiency measure 2 . We can identify two classes of nonradial slack-based technical efficiency measures, a multiplicative and an additive measure, both with an indication property such that the multiplicative (additive) measure equals one (zero) if and only if the input vector belongs to the efficient subset. The efficient subset is particularly important in efficiency measurement because input vectors in the efficient subset cannot be reduced without decreasing at least one input and/or increasing at least one output. On the other hand, if the input vector is in the isoquant but not in the efficient subset, then it is possible to reduce at least one input given a fixed level of outputs. Whereas the Farrell measure and the directional input distance function are constructed relative to the isoquant, the slack-based measures are constructed relative to the efficient subset. Consequently, it is of great interest to develop efficiency analysis based on a slacks-based efficiency measurement framework.
In this paper we introduce both an additive and a multiplicative slack-based approach for the decomposition of the Farrell cost efficiency measure. The rest of the paper unfolds as follows. While Section 2 describes the basics, Section 3 introduces a multiplicative cost decomposition and its corresponding allocative efficiency measure based on the multiplicative Russell measure developed by Färe, Grosskopf and Zelenyuk (2007) . Section 4 introduces a new cost decomposition based on the additive Russell measure. Section 5 extends the additive approach into data envelopment analysis (DEA) and provides an empirical illustration using a real-life data set documented in Banker and Maindiratta (1988) . The last section gives a brief summary.
Background and Methodology
In this section, we introduce the theoretical background for our paper. Then we develop the methodology for it by building on the Mahler inequality (1939) . Let 
Clearly, 
which is the inequality on which our paper is based. Shephard's (1953) input distance function is defined as
and under weak disposability of inputs 4 (WDI) ( )
, then from the definition of the input distance function
This observation and the cost inequality yields efficiency. Allocative efficiency ( , , ) AE y x w is then defined as the residual value required to close the inequality, so that
which is the Farrell decomposition of cost efficiency. Throughout the paper, we use the above approach: i)
Start with the cost inequality. ii)
Derive a technical efficiency measure.
4 WDI means
iii) Complete the decomposition by introducing allocative efficiency.
The Multiplicative Approach 5
The Russell measure (RM) has the indication property that it is one if and only if the input vector belongs to the efficient subset ( ) EffL y . Here we follow Färe, Grosskopf and Zelenyuk (2007) and define a multiplicative Russell measure as
This definition differs from the additive (original) Russell measure,
whose objective function was additive, i.e.,
For simplicity, we assume that x is strictly positive, i.e.,
We note that and that
, are the optimizers of (3). Together with the cost inequality we get ( ) ( )
and multiplying both sides with 1 / wx yields iii) The share n s is the weight reflecting relative importance of n-th input in total cost.
Using (4), we propose the following decomposition:
RM AE y x w is the (residual) allocative efficiency based on the multiplicative Russell measure.
The Additive Approach
Our additive approach builds on the slack-based directional input distance function by Färe and Grosskopf (2010) . To define this we need to introduce a directional vector
Here we take
(1,...,1) g = and note that each component is equipped with a unit of measurement. For example, if 1 x is labor hours, the first component is one unit of labor hours. This makes our indicator independent of the unit of measurement.
The slack-based directional distance function is defined by Here we need not assume that 0, 1,..., 
Also, dividing both sides of (6) (6) and (7) can be closed by including a residual allocative inefficiency similar to (2). Specifically, a decomposition based on the slack-based directional input distance function, which provides a technical inefficiency score, is obtained by ( ) 
AIneff y x w SD y x SD y x w α β α β
where ( , , ;1) AIneff y x w is the allocative inefficiency 6 .
For a technically efficient firm, is an inefficiency measure.
DEA Implementation
To further develop our analysis provided in Section 4, we utilize non-parametric frontier models which have been popularized as data envelopment analysis (DEA) by Charnes, Cooper and Rhodes (1978) , Färe, Grosskopf and Lovell (1985) and many others. Let 
The convexity restriction Using the two basic DEA-based representations (10) and (11), we develop two slack-based measures:
, the following must hold:
The discrepancy between ( , ;1) 
An Illustration
In this section, we apply our newly developed additive approach to the data set given in Banker and Maindiratta (1988) , which consists of 20 observations. The data were obtained from a division of a large decentralized U.S. manufacturing firm observed over 20 quarters. The data set consists of one output ( 1 y ) and labor ( 1 x ), material ( 2 x ) and capital ( 3 x ). The data and descriptive statistics are given in Table 1 . See Banker and Maidiratta (1988) for the details of the data. Our slack-based estimates of cost efficiency and its components are reported in 
, is, on the average, greater than ( , , ;1)
CRS
AIneff y x w , only three observations were allocatively inefficient. In contrast, in the Farrell case under CRS, all but one observation were allocatively inefficient (Table 3) . Furthermore, allocative efficiency components are relatively more important for both CRS and VRS technologies (see also the legend of Table 3) . This is what we would expect: the additive, nonradial approach will eliminate slack in input usage in addition to the usual 'overuse' identified in the radial Farrell approach to measuring technical efficiency.
In the Farrell decompositions such slack would then be attributed to allocative inefficiency rather than technical inefficiency. On the other hand both approaches agree that only one observation is cost efficient under CRS-observation 13.
<<Table 2>><<Table 3>>about here Finally, we examine scale efficiencies. and Zelenyuk (2014) for more details and the relationship between the two measures).
According to Table 4 , the three methods (Farrell, slack-based scale efficiency and cost-based scale efficiency) give similar values for our data example.
<<Table 4>>about here
Note that a practically useful advantage of the nonradial approach illustrated here is the additional information provided by the individual input scores, providing additional guidance to the firm as to how to reduce cost, but also providing the basis for individual factor productivities.
Summary
We have proposed new cost inefficiency decompositions (multiplicative and additive forms) for the slack-based (in)efficiency measures which gauge (in)efficiencies relative to the efficient subset, rather than the isoquant. Then, focusing on the additive form, we illustrate the additive cost inefficiency decomposition into a DEA framework. As expected, the slack-based decomposition typically results in a greater share of cost inefficiency due to technical rather than allocative inefficiency, which is illustrated in our empirical example. Although we have focused on deriving slack-based cost inefficiency decompositions, decompositions of revenue (in)efficiency and profit (in)efficiency using this approach would parallel what we have done here. Moreover, our decomposition method can be extended to Briec's (2000) slack-based directional distance function. 
